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Analytical expressions for the components of the vector potential and magnetic field of a 
current-carrying elliptic arc filament of arbitrary length are derived. All the expressions 
developed consist of only known functions such as Jacobian elliptic functions, complete and 
incomplete elliptic integrals of the first, second and third kind, and thus permit a compact time-
saving efficient computation algorithm. 

Introduction 

In many problems involving physical and tech-
nological appl icat ions of large-scale magnetic fields 
it is suff icient to assume the conductor cross-sec-
tional area of the field coil to be negligible. In 
general , this assumpt ion leads to a f i lament ap-
proximat ion discussed in detail in Part I of a series 
of papers on magnet ic field computat ions in a 
closed form [1], Analytical expressions consisting of 
Jacobian elliptic functions, complete and incom-
plete ellitic integrals of the first, second and third 
kind were derived for the components of the vector 
potential and magnet ic field of a finite circular arc 
segment of arbi t rary angular length. 

In the present paper we generalize our results of 
Part I to current-carrying elliptic arc f i laments of 
arbi t rary az imuthal lengths. This case, to our knowl-
edge, has not yet been treated analytically in the 
l i terature a l though magnet ic field coils of elliptic 
form are interesting for the manipula t ion of particle 
beams in high energy physics, for asymmetr ic and 
special field prof i le magnets, for correction coils of 
highly homogeneous special purpose magnets, etc. 
C o m p u t a t i o n methods known up to date for calcu-
lating the vector potential and magnetic field in 
such cases use a numerical integration of the basic 
equat ions employing circular, wedge or beam ap-
proximat ions [2]. 
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Since a field coil of arbi t rary spatial geometry 
may be m a d e f rom finite elliptic arc a n d / o r straight 
segments of the conductor , its magnet ic field is 
given by the sum over the partial fields generated 
by each segment. A compute r t ime-saving effect of 
the closed expressions over the usual method of 
numerical integration of the basic equat ions then is 
quite apparent . 

When the elliptical arc f i lament is 2 n long, that is 
for a closed elliptic loop, the expressions developed 
reduce to relatively s imple ones. For zero eccentric-
ity they also reduce to those derived in Part I, both 
for the circular arc f i lament and for the circular 
f i lament loop. 

Basic Expressions 

Starting f rom the law of Biot-Savart, the vector 
potential and magnetic induction due to an arbitrary 
current f i lament are given by 

A(R) = J/4 TI A (R) 

= J/4ni\dT\r-f'\-]ö(s)ds, (1) 

/ 5 

B ( f ) = PqJ/4 7i H (?) 

= pQJ/4n\\ [dTx (?-?')} r-r'\-iö(s)ds, (2) I s 

where d M s a vector different ia l line element with a 
constant current J , ? ' and f are posit ion vectors of 
the source and field point , respectively, and p0 is the 
free-space permeabi l i ty , ds is a different ial element 
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Fig. 1. Elliptic arc filament of finite length AB at spatial 
height z| and focus F, on z axis in local cylinder coor-
dinates. 

where the column terms correspond, f rom the top, 
to j = r, (p and / = r, <p,z components of the vector 
potential and magnetic Field, respectively, r'(r',(p',z{) 
and /"(/•, (p, z) are the coordinates of the source and 
field point with respect to the origin, and r' is a 
funct ion of ( p A l s o 0 , = - (p, where (/' = 1, 2) and 

D2{0) = y2 + r'2(<P) + r2-2rr'(<P) cos 0 , 

y = z , - z , <P = (p'-<p, 

{(pi-(p\) is the azimuthal length of the elliptic arc 
Filament AB (Figure 1). Note that the positive x-
axis corresponds to ip = 0. q> increases in counter-
clockwise direction. 

F rom (3) and (4) a straight-forward but tedious 
and lengthy computat ion, exactly analogous to that 
in [3] [Appendix], shows that V2A = 0 and V x H = 0 
in a current-free region. Only for a closed elliptic 
loop and <p = 0, these evaluations are slightly easier. 

Method of Evaluation 

of cross-sectional area or thogonal to d £ and <5(5) is 
a two-dimensional Di rac delta funct ion. 

For an elliptic arc f i lament in the local cylinder co-
ordinates (Fig. 1) we have Ö(s) = Ö(Q' — R') Ö(z' - z}), 
where r' is its angle dependent radial ray, Z\ the 
spatial height of its plane parallel to the z = 0 
ground plane, and q', <p' and z ' are the coordinates 
of the variable volume element. 

The volume integrals in (1) and (2) may now be 
per formed in three steps. In the first two, the 
integration over the cross-sectional area can be 
done easily due to the ^-functions. We first integrate 
over z ' and then over Q' with cp' as parameter . In the 
third step, we integrate over 0 af ter t ransforming cp' 
to a new variable 0 d i f fer ing f rom it by an addi t ive 
constant only and hence not affect ing the results of 
the integration. 

Since A.= 0, we get f rom (1) and (2) af ter in-
tegrating over the cross-sectional area 

<P2 I ' rh 
Aj (r) = j dcP r' ( 0 ) D-1 ( 0 ) ~ ( j = r, <p), (3) 

<p\ 1 
(02 

H,{?) - j d 0 / - ' ( 0 ) z r 3 ( 0 ) 
(fl 

r - y cos 0 
| — y sin 0 (/ = /", (p, z ) , (4) 
I /•' ( 0 ) - /- cos 0 

In order to evaluate the expressions (3) and (4) in 
a closed form, we transform them into integrals over 
Jacobian elliptic functions. To this end we first 
introduce, as earlier, the system invariant angle 
t ransformat ion [1] 

0 = 77 - 2 'J. (A) 

so that y.j = 1/2 {n 4- <p - (pi). For convenience, we 
also introduce, as before, the symbolic representa-
tion 

Ä f f ) | 2 
(5) 

Äj ( ii I) (öjr + 5jv sgn a,) ( j - r, <p) , 

Hi{ a, ) {blv + d,m sgn a,) (/ = r, <p, z; m = r, z), 

where d / ; is the Kronecker delta. 
Using the polar equat ion for an ellipse with 

respect to its right focus as pole, we obtain 

/•'(x) = / j/(1 -I- sin2 a) (6) 

with n2 = 2 e / ( \ - £ ) and r! = / ; ( l + e ) . 2 r j is the 
ma jo r axis of the ellipse and e its numerical eccen-
tricity. 

From ( 3 ) - ( 6 ) we get after some algebra the 
following hyperelliptic integrals for the vector 
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potential and the magnet ic field, a being positive def ini te : 

; . x k \ a * da fsin 2 a 
Aj(oc) = — J - , . , 2 • 2 . i/o - ( j = r, <p), (7) 

2 r o (1 - n\ sin^ a ) ' ^ ( l - «ösin- a)17" (cos 2 a 

- kl J da (1 + «3 sin2 a)2 

" / ( a ) = - — J 
2 a r J (1 - n\ sin2 a) 3 / 2 (1 - n\ sin2 a)3 / 2 

y cos 2 a 

- y sin 2 a (/ = /•, <p, z). (8) 
/• cos 2 a H r — 

(1 + n j s i n ' a ) 

The dimensionless parameters n2 with ( / = 1,2) of 
the hyperell ipt ic integrals are def ined through * Vector Potential: 

nj = 2 d2/[b + (62 - 4 d2)l/2], ( 9 a ) ^ _ _ * j a / 2 f f d „ I sn „ cn » / ( ! - sn^u) 

the upper (lower) sign corresponding to / = 1 ( / '= 2), 

and " ip2 = n2
2/(n2

2-\)2-j=r,(p). (11) 

d2 = n](n]c2/a2- k2
0), Magnetic Field: 

b = kl~2n](c2 +rr^/a2. f / / r ( a ) 
jt§ = 4 r r , / f l 2 , fl2 = y2 + (/- + r , ) 2 , ^ / ( a ) = ^ y / (2f l r ) | (l=r,(p,z) (12a) 

c 2 = y2 + /'2. (9 b) 
l ( l / y ) [ r / / r ( a ) - r , H:{a)], 

where we have defined 

- Pr + Qrsn2 u + Rr d n 2 u + S r n d 2 u - Tr sd 2 u - Lr sn2 u/( 1 - / > 2 sn2 u) 

/ / / ( a ) = j dz/ •{ - 2 sn w cn u [Pv + S ^ n d 2 u + F / ( l - / ? 2 s n 2 w ) ] (12b) 
o I 

F.- + sn21/ - R: dn 2 w — S- nd21/ - F . s d 2 w (p2 = n\l(n\- 1 ) ; / = r, (p, z). 

For e 0, the dimensionless pa rame te r n2 k l 
while n\ tends to - 2 £ and vanishes with it. 

The hyper-elliptic integrals (7) and (8) now 
reduce to the Jacobi fo rm on introducing the follow-
ing substi tutions in the expressions: 

sn2 u = (1 - n2) sin2 a / ( 1 - n\ sin2 a ) , 

k2= («?- n\)/{\- n\), (10) 

am u = s i n - 1 [(1 - n2)1/2 sin a / ( l — n\ sin2 a ) 1 / 2 ] , 

where sn u is a basic Jacobi elliptic funct ion with 
ampl i tude am u and modulus k. 

After some tedious but s t ra ightforward algebra 
we get with g = { 1 - n2)'ul the fol lowing expres-
sions for the vector potential and magnet ic f ield: 

* The roots (9 a) to be real, the square root must be 
positive definite, i.e. r2 a e2y2/(\ - e2). Physically it means 
that the forms (7) and (8) permit their evaluation at all 
points except at r = (0, 0, z 4= z,). Computations at r = 
(2rje,n,z) with appropriate signs may then be used in-
stead for closed loops. 

Here sn u, cn u and dn u are the three basic Jacobi 
elliptic functions, and sd u and nd u are their 
quotient and reciprocals in Glaisher ' s notat ion [4]. 
They are given by 

sd u — sn u/dn w, nd u — 1 / d n u. 

The dimensionless coefficients Pr, Qr,..., S:, T. are 
expressions involving g, n2, n\ and n2 only and are 
given below: 

Pr = 2g N]3 NÜN\2, QR = 2g3N&(n
2

2N2
n), 

Rr=gNtiN\2, =gN\,/N\2, 

Tr = 2g3 N*3/(n2 N2
2), 

Lr=2g Lv=2g'ny{n} n\), 

Pv = g2 "h [P2 n] - n2(k2 - p2)]/(k2 n] n\), 

S, = G2 [n\l(k2 - p2) - p2 n]]/{k2 n] n\), 

Pz=2gn\n\lN\2, 
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Q: = n\ /n\ T: = g3 n\ n]/N}2, 

R-_ = n\/n\S:=g n\/N\2, 

where for convenience we have def ined 

N}2 = n]-n\, N)) = n]-n] (i = 1 ,2) . 
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Thus, on integrating (11) and (12 b) we get: 

(12c) Vector Potential : 

H,{9) = 
k2 k'2 

AW)- k2°a \ 2 g 2 l ( p 2 ) U = r,<p) (14) 
7 2 r \g[(\-2/n2

2)K(0,k) + 2/n2
2n(9,p\k)]. 

Magnetic Field: 

k'2(Ur + k2 p~2 Lr) K(9,k) + VrE(9, k) - Wr k2 sn u cd u - k2 k'2p~2 Lr 77 (9,p2.k), 

2k'2 [Py dn w — S^ndu- k2 L^Kj?2)], (15a) 

U. k'2 K{9, k) - Vz E(9, k) + Wz k2 sn u cd u (/ = r, <p, z). 

Final Expressions 

Note that for a field point on the arc f i lament cp 
equals <p' and the expressions (10) and (11) then 
become either singular or indeterminate. Physically 
this is due to the assumed infinitesimal cross-section 
of the current f i lament . The corresponding value of 
i under the angular t ransformat ion (A) is a = v./2 
and is completely independent of the actual value of 
ei ther (p or cp', and hence also of (p\ and <p2. 

Assuming as before for technical reasons, 
- N ^ C P ^ K and —2TI^(P'^2TI, the angle trans-
format ion (A) ensures that —n ^ a ^ 2n. Since the 
integrals of the elliptic funct ions are def ined only on 
0 < i j ^ n/2, we treat the two cases ay ^ n/2 and 
a, > n/2 separately. 

(A) n/2 

Physically this condit ions is always satisfied when 
the field point posit ion vector lies within the 
az imuthal width of the elliptic arc segment (i.e. 
when <p\ ^ (p ^ cp2). In this case we def ine 

0,= a, 

so that 0 < 9/ ^ n/2, and 

Aj( a, ) = Af(9,) (/ = r,<p), 

H,(\y.i) = H,{0i) (/ = r, (p, z). 

(B) 

(13) 

The integrations in (11) and (12b) can now be 
per fo rmed with the help of s tandard recurrence 
formulas for the integrals of Jacobi elliptic functions 
[5] and lead to incomplete elliptic integrals K{9, k), 
E(9, k) and 77 (9, p2, k) of the first, second and third 
kind with molulus k and argument 9. 

The dimensionless coefficients Ur, Vr,..., Vz, Wz 

are funct ions of the coefficients Pr, Qr,..., Sz, Tz 

previously deFtned in (12c) and are given by 

Um=Qm+Tm + k2 Pm, 

Vm = Wm + k'2 {k2Rm + Qm), 

IVm = k2Sm+Tm (im = r,z), (15b) 

the upper (lower) sign corresponding to m = r 
(m = z). 

The integral / (p2) is a s tandard one and is de-
fined by 

1(P2) = \ 
du sn u cn u 

(1 - p2 sn2 u) 

Its value for var ious cases is a lready given in 
[1. (19 b), Part II], k' is the complementary modulus 
def ined by k'2=l-k2. The Jacobi elliptic func-
tions cd u and de u are reciprocals of each other and 
are designated in Gla isher ' s notation by 

cd i/ = cn w/dn w = 1 / d c u. 

(B) I/ > n/2 

This condit ion corresponds to the physical 
situation in which the field point position vector 
is exterior to the elliptic arc segment (i.e. when 
(p\ > <p or (p > (p2). 

The ranges of integrat ion in this case are 
n/2 < ii ^ n, n < a, ^ 3 n / 2 and 3 n / 2 < a , 2 n . 
For the first two we de f ine 

9i = n - y.,-

while for the last range we set 

9j=2n— y.j, 

(C) 

(D) 
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so that 0 < 0j ^ n/2 as before. Separat ing the 
ranges of integration at n/2 and using the symmetry 
propert ies of the respective integrands, we again 
obta in: 

Vector Potential: 

M a,j) = Ar(\9j\) 

2 i , ( ; r / 2 ) - s g n M , ( | 0 / l ) 

Magnetic Field: 

= " , ( 1 ö/l) 

(n/2 < a,- ^ 3 n/2) 

4Ä<p(n/2)-Äv(ei) 

(3n/2 < a , 2 n ) 

(16) 

~Hm(n/2) - sgn 0,Hm(|0,|) 

(tt/2 < | a , | ^ 3 7r/2) 

4Hm(n/2)-Hm(9,) 

(3 n/2 < A , ^ 2 TT) 

(m = r , z ) . (17) 

The functions with a rgument Ö, in (16) and (17) 
correspond to those in (14) — (16) whi le those with 
a rgument n/2 are the same ones ob ta ined by simply 
replacing 0, with n/2. Explicit expressions for the. 
latter are given in the next section. 

Note that the expressions (15) and (17) have 
meaning only as one element of a sum over a 
cont inuous set, the sum representing the magnet ic 
induction of a current loop consti tut ing the magnet 
winding. To obta in physical results we must sum 
over the complete coil which is m a d e f rom Finite 
elliptic arc a n d / o r straight segments. T h e same is 
also true for the pair (14) and (16). 

Examples 

Elliptic Loop 

When the az imuthal length ((p2—<P\) of the arc 
segment equals 2n, we obtain a closed elliptic loop 
and the expressions for the componen t s of the 
vector potential and the magnet ic field derived 
above reduce to relatively simple ones. 

Symmetry considerat ions show that in contra-
distinction to the circular loop case the components 
A j and H{ (/' = /-, cp\ I = r, tp, z) are ^ -dependent . The 
angle t ransformat ion (A) leads to | a , | = 1/2 (n± cp), 
so that for - n ^ tp ̂  n we obtain 0 ^ | a,-1 ^ n. 

Thus, 0 ^ a, ^ f corresponds to the case A while 
n/2 < a, | ^ n to the case B, both discussed in the 
previous section. The symmetry propert ies for (p = 0 
and n, n/2 and 3 n/2 are then immedia te ly apparen t 
f rom these expressions. When the field point lies 
directly on the elliptic loop, they ei ther vanishe or 
show a singular behaviour . 

For the special case <p= 0, the angle t ransforma-
tion gives a, = n/2 and the expressions for the 
vector potential and magnet ic field reduce to the 
following simple ones: 

Vector Potential: 

Ä.(n/2) = -
kla \2g21(p2) 

2 r 

Magnetic Field: 

U = r,(p), (18) 

g[(\-2/nl)K(k) + 2/n2
2ri(p2,k)]. 

H, (n/2) = 
k2k' 

k'2(Ur+ k2p-2 Lr) K(k) 

+ VrE(k)-k2k'2p~2Lrn(p2, k) 

2k'1 [Py k' — Sy/k' — k2 LyKj?2)] 

„ U. k'2 K(k) - VzE(k) 

(l=r,(p,z). (19) 

K(k), E(k) and 77 (p 2 , k) are complete elliptic 
integrals of the first, second and third kind with 
modulus k and argument n/2, which is suppressed 
for convenience as usual. 

Circular Arc and Loop 

When the eccentricity vanishes, the elliptic arc 
f i lament and the elliptic loop reduce to a circular 
arc and to a circular loop of radius rx, respectively. 
Since now n\ and n\ both vanish and n2 = kl, the 
corresponding expressions for the vector potential 
and magnetic field then become 

Circular Arc Fi lament : 

{dn u (/ = /-, (p), 

, (20a) 

Ht (ÖL) = Mr a 

y[K(y., k0)-k'0-2(l-k2
0/2) W(a, *„)] 

- y n d w (/ = r, <p, z), (20 b) 

rK(a, k0)-k'0-2(r-bk2
0/2) W(a, k0) 

where 

b = r + /-) and 

W(i, k) = E ( k ) - k2 sn u cd u. 
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Circular Loop: 

A (n/2) = a/r [(1 - k\/2) K(k0) - E(k0)] (21a) 

H m(n/2) = Mar 
y[K(k0)-(\-k2

0/2)/k'02E(k0)} 

rK(k0)-(r-bk2
0/2)/k'02E(k0) 

(m = r, z). (21b) 

Expressions (20a. b) and (21a, b) above correspond 
exactly to those derived directly in Part I [1] for the 
components of the vector potential and magnetic 
field of a current carrying circular f i lament arc and 
loop, respectively. 

Concluding Remarks 

The expressions derived in this paper for the 
components of the vector potential and magnetic 
field of a plane elliptic arc segment of a current-
carrying f i lament of arbi t rary azimuthal length are 
of comparat ively s imple algebraic structure and 
include ony known analytical functions. The com-
plete and incomplete elliptic integrals of the first, 
second and third kind involved can be computed 
easily with a high accuracy using the algorithms 
developed by Bulirsch [6], Tr igonometr ic represen-
tations allow the Jacobi elliptic functions to be 
calculated exactly. 

Since, as in Parts I - I V , the angle t ransformat ion 
we have used always t ransforms every angle 
singularity to n/2, the expressions derived here can 
be calculated for any elliptic arc f i lament of arbi-
trary azimuthal length and for any field point in 
space with an equal amoun t of computa t ion work 
and accuracy. When a, > n/2, the fact that 
<P\ — <PI ^2N, i.e. OC] — ot2 =N may conveniently 

0 H.(ije, TI, R,) 
(deg.) (1/m) 

45 5.40435 
40 6.54237 
30 8.80767 
20 10.76793 
10 12.09910 
5 12.43053 
0 12.56637 

Table 1. Computed values of H. at 
the center of closed elliptic fila-
ment loops with minor axis 1 m 
and various eccentricities generat-
ed from a cylinder of radius 0.5 m. 

be used while p r o g r a m m i n g to save computa t ion 
time. 

Table 1 shows a n u m b e r of computed values of H . 
f rom (19) at the center of a family of closed elliptic 
curves generated by lateral sections through a 
cylinder at angles with its symmetry 
axis. They were checked with the f i lament beam 
approximat ion. For small e the results agree to five 
significant decimal digits with ten line segments for 
each computat ion. T h e field value for 6 = 0 corre-
sponds to a circular f i lament loop and was also 
checked directly f r o m (21b). The computa t ion 
t ime-saving is at least by a factor of about ten and 
increases with the eccentricity. For field points in 
the immedia te ne ighborhood of the elliptic f i lament 
loop the t ime-saving is greater than a quar ter of 
these values. 

In conclusion, we can say that the expressions 
developed in this pape r for calculating the vector 
potential and magnet ic field of a coplanar elliptic 
arc f i lament of finite az imuthal length offer, as in 
preceding papers, a t ime-saving, highly accurate 
and efficient computa t ion alternative. They are also 
in a form that permi ts a s traightforward user-
friendly computa t ion algori thm. 
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